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Abstract: In this paper, in order to achieve tracking performance of un-
certain fractional order chaotic systems an adaptive hybrid fuzzy controller is
proposed. During the design procedure, a hybrid learning algorithm combining
sliding mode control and Lyapunov stability criterion is adopted to tune the
free parameters on line by output feedback control law and adaptive law. A
weighting factor, which can be adjusted by the trade-oﬀ between plant knowl-
edge and control knowledge, is adopted to sum together the control eﬀorts
from indirect adaptive fuzzy controller and direct adaptive fuzzy controller.
To conﬁrm eﬀectiveness of the proposed control scheme, the fractional order
chaotic response system is fully illustrated to track the trajectory generated
from the fractional order chaotic drive system. The numerical results show
that tracking error and control eﬀort can be made smaller and the proposed
hybrid intelligent control structure is more ﬂexible during the design process.
Keywords: Fractional order chaotic systems; fuzzy logic control, adaptive
hybrid control.
1 Introduction in domain
Due mainly to its demonstrated applications in numerous seemingly diverse and widespread
ﬁelds of science and engineering, fractional calculus has gained considerable popularity and im-
portance during past three decades [1]- [2]. In control system, due to the fact that the theoretical
aspects are well established, fractional order controllers are successfully used to enhance the per-
formance of the feedback control loop. It is observed that the description of some systems is
more accurate when the fractional derivative is used. Nowadays, many fractional-order diﬀer-
ential systems behave chaotically, such as the fractional-order Chua’s system [3], the fractional-
order Duﬃng system [4], the fractional-order system, the fractional-order Chen’s system [5], the
fractional-order cellular neural network [6], the fractional-order neural network [7]. The tracking
problem of fractional order chaotic systems is ﬁrst investigated by Deng and Li [21] who carried
out tracking in case of the two fractional Lü systems. Afterwards, they studied chaos tracking
of the Chen system with a fractional order in a diﬀerent manner [22]-[24].
Based on the universal approximation theorem, [9]- [20] (fuzzy logic controllers are general
enough to perform any nonlinear control actions) there is rapidly growing interest in systematic
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design methodologies for a class of nonlinear systems using fuzzy adaptive control schemes. Like
the conventional adaptive control, the adaptive fuzzy control is classiﬁed into direct and indirect
fuzzy adaptive control categories [9], [17]- [19]. A direct adaptive fuzzy controller uses fuzzy logic
systems as controller in which linguistic fuzzy control rules can be directly incorporated into the
controller. On the other hand, an indirect adaptive fuzzy controller uses fuzzy descriptions to
model the plant in which fuzzy IF-THEN rules describing the plant can be directly incorporated
into the indirect fuzzy controller. Moreover, a hybrid adaptive fuzzy controller can be constructed
using a weighting factor to sum together the control eﬀorts from indirect adaptive fuzzy controller
and direct adaptive fuzzy controller.
Although the concept of sliding mode control (SMC) and the theory of fractional order
system are well known, their integration, fractional sliding mode control, is an interesting ﬁled
of research dwelt on this paper with some applications [8]. The motivation of this paper stands
on two driving forces: One, most systems in the reality display behavior characterized best in
time domain of fractional operators, the other, the uncertainties on the process dynamics can
appropriately be alleviated by utilizing SMC technique.
In this paper, by combining the approximate mathematical model, linguistic model descrip-
tion and linguistic control rules into a single adaptive fuzzy controller, an adaptive hybrid fuzzy
controller is proposed to achieve prescribed tracking performance of fractional order chaotic sys-
tems. A new adaptive hybrid fuzzy SMC algorithm incorporated Lyapunov stability criterion is
proposed so that not only the stability of adaptive fuzzy control system is guaranteed but also
the inﬂuence of the approximation error and external disturbance on the tracking error can be
attenuated to an arbitrarily prescribed level.
This paper is organized as follows: In section2, an introduction to fractional derivative and its
relation to the approximation solution will be addressed. Section 3 generally proposes adaptive
hybrid fuzzy SMC of uncertain fractional order systems in presence of uncertainty and its stability
analysis. In Section 4, application of the proposed method on fractional order expression chaotic
system is investigated. Finally, the simulation results and conclusion will be presented in Section
5.
2 Basic deﬁnition and preliminaries for fractional order systems
The concept of fractional calculus is popularly believed to have steamed from a question raised
in the year 1695 by Marquis de L’Hoptial to Gottfried Wilhelm Leibniz. It is a generalization
of integration and diﬀerentiation to non-integer order fundamental operator, denoted by aD
q
t ,
where a and t are the limits of the operator. This operator is a notation for taking both the
fractional integral and functional derivative in a single expression deﬁned as [1]
aD
q
t =
8><>:
dq
dtq ; q > 0
1 q = 0R a
t (d)
 q; q < 0
(1)
There are some basic deﬁnitions for the general fractional and the commonly used deﬁni-
tions are Grunwald-Letnikov and Riemann-Liouville [1]. The Grunwald-Letnikov deﬁnition is
expressed as
aD
q
t f(t) = lim
h!0
[ t ah ]X
j=0
( 1)j
 
a
b
!
f(t  jh) (2)
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where [.] is the integer part. The simplest and easiest deﬁnition is Riemann-Liouville deﬁni-
tion given as
aD
q
t f(t) =
1
 (n  q)
dn
dtn
Z t
0
f()
(t  )q n+1d (3)
where n is the ﬁrst integer which is not less q, i.e., n   1 < q < n, and   is the Gamma
function.
The numerical simulation of a fractional diﬀerential equation is not simple as that of an
ordinary diﬀerential equation. In this paper, the algorithm which is an improved version of
Adams-Bashforth-Moulton algorithm to ﬁnd an approximation for fractional order systems based
on predictor-correctors is given. Consider the following diﬀerential equation
aD
q
t y(t) = r(y(t); t); 0  t  T and y(k)(0) = y(k)o ; k = 0; 1; 2; :::;m  1 (4)
where
aD
q
t y(t) =
8><>:
1
 (m q)
R t
0
f (m)()
(t )q m+1d; m  1 < q < m
dm
dtm y(t); q = m
(5)
and m is the ﬁrst integer larger the q. The solution of the equation (4) is equivalent to
Volterra integral equation [1] described as
y(t) =
[q] 1X
k=0
y
(k)
0
tk
k!
+
1
 (q)
Z t
0
(t  )q 1r(y(); )d (6)
Let h=T/N, tn = nh, n=0,1,2,   N . Then (6) can be discretized as follows.
yh(tn+1) =
[q] 1X
k=0
y
(k)
0
tkn+1
k!
+
hq
 (q + 2)
r(yph(tn+1); tn+1) +
hq
 (q + 2)
nX
j=0
aj;n+1r(yh(tj); tj) (7)
where predict value yph(tn+1) is determined by
yph(tn+1) =
[q] 1X
k=0
y
(k)
0
tkn+1
k!
+
hq
 (q)
nX
j=0
bj;n+1r(yh(tj); tj) (8)
and
aj;n+1 =
8><>:
nq+1   (n  q)(n+ 1)q; j = 0
(n  j + 2)q+1 + (n  j)q+1   2(n  j + 1)q+1 1  j  n
1 j = n+ 1
(9)
bj;n+1 =
hq
q
((n+ 1  j)q   (n  j)q) (10)
The approximation error is given as
max
j=0;1;2;N
jy(tj)  yh(tj)j = O(hp) (11)
where p=min(2,1+q). Therefore, the numerical solution of a fraction order chaotic system
discussed in this paper can be obtained by applying the above mentioned algorithm.
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3 Adaptive hybrid fuzzy sliding mode control of uncertain frac-
tional order chaotic systems
In this section, we study adaptive hybrid fuzzy tracking control of uncertain fractional order
chaotic systems, i.e., to force output trajectory which is obtained by the algorithm mentioned in
section 2 of the response system to track output trajectory of the drive system.
Consider a fractional order chaotic dynamic system
x(nq) = f(x; t) + g(x; t)u+ d(t); y = x1 (12)
where x = [x1; x2; :::; xn]T = [x; x(q); x(2q); :::; x((n 1)q)]T is the state vector, f(x; t) and g(x; t)
are unknown but bounded nonlinear functions which express system dynamics, d(t) is the exter-
nal bounded disturbance, jd(t)j  D, and u(t) is the control input. The control objective is to
force the system output y to follow a bounded reference signal yd which is the output trajectory
of a drive system, under the constraint that all signals involved must be bounded. To begin with,
the reference signal vector y
d
and the tracking error vector e will be deﬁned as
y
d
=
h
yd; y
(q)
d ; :::; y
((n 1)q)
d
iT 2 Rn;
e = y
d
  x =
h
e; e(q); e(2q); :::; e((n 1)q)
iT 2 Rn; e(iq) = y(iq)d   x(iq) = y(iq)d   y(iq)
In general, in the space of the error state a sliding surface is deﬁned by
s(x; t) =  (ke) =  

k1e+ k2e
(q) + :::+ kn 1e(n 2)q + e(n 1)q

(13)
where k = [k1; k2; :::; kn 1; 1] in which the ki’s are all real and are chosen such that h(r) =Pn
i=1 kir
(i 1)q; kn = 1 is a Hurwitz polynomial where r is a Laplace operator. The tracking
problem will be considered as the state error vector e remaining on the sliding surface s(x; t) = 0
for all t  0. The sliding mode control process can be classiﬁed into two phases, the approaching
phase with s(x; t) 6= 0 and the sliding phase with s(x,t)= 0 for initial error e(0) = 0. In order
to guarantee that the trajectory of the state error vector e will translate from the approaching
phase to the sliding phase, the suﬃcient condition
s(x; t) _s(x; t)    > 0 (14)
must be satisﬁed. Two type of control law must be derived separately for those two phases
described above. In the sliding phase, it implies s(x; t) = 0 and s(q)(x; t) = 0. In order to force
the system dynamics to stay on the sliding surface, the equivalent control u can be derived as
follows:
If f(x; t) and g(x; t) are known and free of external disturbance, i.e., d(t)=0, taking the
derivative of the sliding surface with respective to time, we get
s(q) =  
 
n 1X
i=1
cie
(iq) + e(nq)
!
=  
 
n 1X
i=1
kie
(iq) + y
(nq) y(nq)
d
!
=  
 
n 1X
i=1
kie
(iq) f(x;t) g(x;t)ueq
!
  y(n)d =  
n 1X
i=1
kie
(i) + f(x) + b(x)u(t)  x(n)d = 0 (15)
Therefore, the equivalent control can be obtained as
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u =
1
g(x; t)
 
n 1X
i=1
kie
(iq)   f(x; t) + y(nq)d
!
(16)
On the contrary, in the approaching phase, s(x; t) 6= 0, an approaching-type control uap must
be added in order satisfy the suﬃcient condition (4) and the complete sliding mode control will
be expressed as
u = u  uap; uap =  hsgn(s) (17)
where  h   > 0.
To obtain the sliding mode control (17), the system functions f(x; t); g(x; t) and switching
parameter  h must be known in advance. However, f(x; t) and g(x; t) are unknown and external
disturbance, d(t) 6= 0, the ideal control eﬀort (16) cannot be implemented. We replace f(x; t),
g(x; t) and uap by the fuzzy logic system f(xjf ), g(yjg) and h(sjh) in speciﬁed form as [9], [17]-
[19], i.e.,
f(xjf ) = T (x)f ; g(xjg) = T (x)g; h(sjh) = ;T (s)h (18)
let jh(sjh)j = D +  h + !max when s(x; t) is outside the boundary layer. Here the fuzzy
basis functions (x) and ;(s) depend on the fuzzy membership functions and is supposed to be
ﬁxed, while f ; g and h are adjusted by adaptive laws based on Lyapunov stability criterion.
Therefore, depending on plant knowledge and control knowledge, a hybrid adaptive fuzzy con-
troller can be constructed by incorporating both fuzzy description and fuzzy control rules using
a weighting factor  to combine the indirect adaptive fuzzy controller and the direct adaptive
fuzzy controller. Based on the trade-oﬀ between plant knowledge and control knowledge, the
weighting factor  2 [1; 1] can be adjusted. Therefore, the total control eﬀort can be expressed
as
uc = ui + (1  )ud (19)
where the direct adaptive fuzzy controller ud and the indirect adaptive fuzzy controller ui
are given as follows:
ud(x) = uD(xjD) 
h(sjh)
g(x; t)
and ui(x) =
1
g(xjg)
"
n 1X
i=1
kie
(iq) + y
(nq)
d   f(x; jf )  h(sjh)
#
(20)
where uD(xj) is obtained by fuzzy logic system speciﬁed as
uD(xjD) = T (x)D (21)
The optimal parameter estimations f ; 

g, 

h and 

D are deﬁned as
f = arg minf2
f

sup
x2
x
jf(xjf )  f(x; t)j

; g = argming2
g

sup
x2
x
jg(xjg)  g(x; t)j

D = arg minD2
D

sup
x2
x
juD(xjg)  uj

; h = argminh2
h
"
sup
x2
x
jh(sjh)  uapj
#
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where 
f ;
g;
D and 
x are constraint sets of suitable bounds on f ; g; 

h; D and x respec-
tively and they are deﬁned as 
f = ff jf j Mfg, 
g = fgjgj Mgg, 
D = fDjDj MDg,

h = fhjhj Mhg and 
x = fxjjxj Mxg, whereMf ;Mg;MD;Mh and are positive constants.
By using (20), (21), sliding surface equation (15) can be rewritten as
s(q) = ! + 

f(xjf )  f(xjf )

+ 

g(xjg)  g(xjg)

ui   (1  )h(sjh)
 h(sjh)  (1  )g(x) [uD(xjD)  uD(xjD)] + h(sjh)  h(sjh) (22)
+(1  )h(sjh)  (1  )h(sjh) + d(t)
where the minimum approximation errors is deﬁned as
! = 

f(x)  f(xjf )

+ 

g(x)  g(xjg)

ui + (1  ) [uD(xj)  uD] (23)
If ~f = f   f , ~g = g   g and, ~D = D   D, we have
s(q) =  (1  )h(sjh) + !   ~
T
h ;(s)  ~
T
f (x)  ~
T
g (x)ui
+(1  )g(x)~TD(x)  h(sjh)  (1  )~
T
h ;+ d(t) (24)
Following the proceeding consideration, the following theorem can be obtained.
Theorem: Consider the fractional order SISO nonlinear chaotic system (12) with control
input (19), if the fuzzy-based adaptive laws are chosen as

(q)
f = r1s(x); 
(q)
g = r2s(x)ui; 
(q)
D = r3s;(s) and (q)h =  r4sg(x)(x) (25)
where ri > 0; i = 1  4. Then, the overall adaptive scheme guarantees the global stability
of the resulting closed-loop system in the sense that all signals involved are uniformly bounded
and the tracking error will converge to zero asymptotically.
Proof: In order to analyze the closed-loop stability, the Lyapunov function candidate is chosen
as
V =
1
2
s2 +

2r1
~
T
f
~f +

2r2
~
T
g
~g +

2r4
~
T
h
~h +
(1  )
2r3
~
T
D
~D
(1  )
2r4
~
T
h
~h (26)
Taking the derivative of the (26) with respect to time, we get
V (q) = ss(q) +

r1
~
T
f
~
(q)
f +

r2
~
T
g
~
(q)
g +

r4
~
T
h
~
(q)
h +
(1  )
r3
~
T ~
q
+
(1  )
r4
~
T
h
~
(q)
h
=  (1  )sh (sjh) + s!   s~
T
h ;(s)  s~
T
h (x)  s~
T
g (x)ui + (1  )sg(x)~
T
(x)
 ash (sjh)  (1  )s~
T
h ;+ sd(t) +

r1
~
T
f
~
(q)
f +

r2
~
T
g
~
(q)
g +

r4
~
T
h
~
(q)
h +
(1  )
r3
~
T ~
q
+
(1  )
r4
~
T
h
~
(q)
h
 
r1
~
T
f

~
(q)
f   r1s(x)

+

r2
~
T
g

~
(q)
g   r2s(x)ui

+
1
r4
~
T
h

~
(q)
h   r4s;(s)

  s(D + )sgn(s)
+
1  
r3
~
T

~
(q)
+ r3sg(x)(x)

  (1  )s(D +  h)sgn(s) + sd(t) + s! (27)
From the robust compensator ua and the fuzzy-based adaptive laws are given (25), after
simple manipulation, we have
V (q)  s!   s hsgn(s) = s!   jsj h (28)
Using the corollary of Barbalat’s Lemma [16]-[19], we have limt!1 js(x; t)j = 0. Therefore,
limt!1 je(t)j = 0. The proof is completed.
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4 Simulation example
In this section, we will apply our adaptive hybrid fuzzy sliding mode controller to force
the fractional order chaotic gyro response system to track the trajectory of the fractional order
chaotic gyro drive system.
Example: The fractional order chaotic gyro drive and response systems are given as follows:
Drive System:
(
y
(q)
1 = y2
y
(q)
2 =  100
 y1
4

+
y31
12   0:5y2   0:05y32 + sin(y1) + 35:5 sin(2t)y1  
x31
6 + d(t)
Response System:
(
x
(q)
1 = x2
x
(q)
2 =  100
 
x1
4

+
x31
12   0:7x2   0:08x32 + sin(x1) + 33 sin(2t)x1  
x31
6 +f(x1; x2) + d(t) + uc(t)
where structured uncertainty f(x1; x2) =  0:1sin(x1) and external disturbance d(t) =
0:2cos(t). The main objective is to control the trajectories of the response system to track the
reference trajectories obtained from the drive system. The initial conditions of drive and response
systems are chosen as [y1(0); y2(0)]T = [1; 1]T and [x1(0); x2(0)]T = [1:6; 0:8]T , respectively. For
q=0.95,  = 0:7 and all design constants are speciﬁed as k1 = k2 = 1; r1 = 150; r2 = 20; r3 =
1; r4 = 1 and step size h = 0:01. The phase portrait of the drive and response systems for free
of control input is given in Figure 1. It is obvious that the tracking performance is bad without
control eﬀort supplied to response system.
Figure 1: Phase portrait of chaotic drive and response systems
The membership functions for xi i=1,2 are selected as follows:
F i1
(xi) = exp
h
 0:5  xi 42 2i, F i2(xi) = exp h 0:5  xi 2:72 2i, F i3(xi) = exp h 0:5  xi 1:22 2i,
F i4
(xi) = exp
h
 0:5  xi2 2i, F i5(xi) = exp h 0:5  xi+1:22 2i, F i6(xi) = exp h 0:5  xi+2:72 2i,
F i7
(xi) = exp
h
 0:5  xi+42 2i,
From the adaptive laws (25)-(28), the control eﬀort of the response system can be obtained
as
uc = ui + (1  )ud (29)
Figure 2 shows the trajectories of the states xi; yi and x2; y2, respectively. Control eﬀort
trajectory is given in Figure 3 and phase portrait, tracking performance, of the drive and response
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Figure 2: The trajectories of the states xi; yi and x2; y2
Figure 3: Trajectory of the control eﬀort
Figure 4: Phase portrait, tracking perfor-
mance, of the drive and response systems
systems is shown in Figure 4. Trajectory of the sliding surface is given is Figure 5. The maximum
value of V (q)(t) is -1.711e-4 which is always negative deﬁned and consequently is stable.
In order to show the robustness of the proposed adaptive hybrid fuzzy sliding mode control,
the control eﬀort is activated at 5 second. The phase portrait, tracking performance, of the drive
and response systems is given in Figure 6. Figure 7 shows the trajectories of the states xi; yi
and x2; y2 respectively. We can see that a fast tracking of drive and response is achieved as the
control eﬀort is activated. Control eﬀort trajectory is given in Figure 8. Trajectory of the sliding
surface is given is Figure 9. The maximum value of V (q)(t) is -1.732e-4 which is always negative
deﬁned and consequently is stable.
Figure 5: Trajectory of the sliding surface
Figure 6: Phase portrait, tracking perfor-
mance, of the drive and response systems
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Figure 7: The trajectories of the states xi; yi and x2; y2
Figure 8: Trajectory of the control eﬀort Figure 9: Trajectory of the sliding surface
5 Conclusions
A novel adaptive hybrid fuzzy sliding mode controller is proposed to achieve tracking perfor-
mance of fractional order chaotic systems in this paper. It is a ﬂexible design methodology by the
trade-oﬀ between plant knowledge and control knowledge using a weighting factor ? adopted to
sum together the control eﬀort from indirect adaptive fuzzy controller and direct adaptive fuzzy
controller. Based on the Lyapunov synthesis approach, free parameters of the adaptive fuzzy
controller can be tuned on line by output feedback control law and adaptive laws. The simulation
example, the output trajectory of the fractional order chaotic response system to tracking the
trajectory of the fractional order chaotic drive system, is given to demonstrate the eﬀectiveness
of the proposed methodology.
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